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Abstract

An Z(h, k)-labelling of a simple graph G is a function o: V(G) — Z> such that the labels
of: adjacent vertices are at least h apart; vertices which have a common neighbour are at
least k apart. The span of ¢ is the largest difference between the labels of any two vertices.
Computing the Z(h, k)-span of GG, the least span amongst all o, is NP-hard even for trees. For
h > k, we determine the .Z(h, k)-span of the Uniform Multisunlets (Uniform Caterpillars),
in which p > 1 pendant vertices are added at each vertex of a basis cycle (path).
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1. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). An edge e € E(G)
with endpoints u and v is denoted wv. The degree of u € V(G) is denoted d(u). A pendant
is a vertex of degree one. The set of neighbours of u is denoted N (u).

The £ (2, 1)-labelling, proposed to approach the Frequency Assignment Problem [1], is an
assignment of integers to the vertices of a graph wherein adjacent vertices receive labels that
are at least two apart and non-adjacent vertices having a common neighbour receive different
labels. Later, Georges and Mauro [2] generalised this concept as presented in Definition 1.

Definition 1. Let h,k € Zso, and G be a simple graph. An Z(h,k)-labelling of G is a
function o: V(G) — Z>( such that:
(i) |o(u) — o(v)| > h, for all ww € E(G);
(ii) |o(u) — o(v)| >k, for all distinct u,v € V(G) with N(u) N N(v) # 0.
The span of an Z(h, k)-labelling o is A(0) = max, ,ev(@){o(u)—o(v)}. The Z(h,k)-span

of G is A\ x(G) = min,{A(0)}. Some authors define (ii) in Definition 1 as |o(u) — o(v)| > k
for all u,v € V(G) with dist(u,v) = 2. Note that the two definitions are equivalent when
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h > k or when G is triangle-free. On that account, we say that o is a proper £ (h, k)-labelling
if h > k.

The problem of determining the exact value of the .Z(h, k)-span is completely settled only
for basic graph classes, such as stars, paths, and cycles, or specific values of h and & [2, 3].
On the other hand, this problem is NP-hard even for trees whenever k does not divide h [4].

Besides paths and stars, another important subclass of trees are the Caterpillars. These
are trees for which there is a path P such that every vertex either lies in P or is adjacent to
a vertex in P. We approach the proper . (h k)-labelling problem in this class, determining
the Z(h, k)-span of Uniform Caterpillars Pnp7 in which P > 1 pendant vertices are added
at each vertex of a path of n vertices, called the basis of Pn p, as in Figure 1.

0 -1 0 p—1 0 p—1 0 P~ 1
i) Vo vy vy v v; Vp—1 Uy 1
Vo V1 V; Un—1

Figure 1: The Uniform Caterpillar ﬁn,p-

, As Caterpillars generalise paths, an interesting generalisation of the cycles are the Sunlets
C'n, also much studied in labelling problems [5]. These are the graphs obtamed by adding
one pendant vertex at each vertex of a cycle of n vertices, called the basis of C’n We not
only settle the proper Z(h, k;)vlabelhng problem for the Sunlets, but we also determine the
span of Uniform Multisunlets Ch,p, ir‘} which p > 1 pendant vertices are added at each vertex
of a cycle of n vertices, the basis of Oy, p.

2. Preliminaries

In an Z(h, k)-labelling, the set of all neighbours of some u € V(G) whose labels are
smaller (greater than the label of u is denoted N_(u) (N.(u)). For n,p € Z>q, the vertices
of the basis of P, (Cnp) are denoted v; for 0 <7 < n, and the pendant vertices at each v;
are denoted vj for 0 < j < p, as in Figure 1. For n € Z>,, the centre of the star K, is the
vertex with degree n. We use [a .. b] to denote the set {i € Z : a <i < b}.

Since an Z(h, k)-labelling of a graph GV indus:es an Z(h, k)-labelling of every subgraph
of G, and since each vertex of the basis of P, , (Cn,) and its neighbours induce a subgraph
with a spanning star, we establish some properties of .Z(h, k)-labellings of stars with special
values of span.

Theorem 1 ([3]). Let h,k € Zso and p € Z-qo such that h > k. Then, A\ x(K1,) =
h+ (p—1)k. O

Lemma 1. Let o, 8,4, h, k,p € Z>o with: eithera =1,1> 2, h > ik, and < p+i; or o =2
and B < p. If there is an £ (h, k)-labelling o of K1 ,+2 with span ah + Sk — 1, then, being u
the centre of Ki pio, one of the following holds: N_(u) = 0 and o(u) < (a—1)h+(B—p—1)k;
N.(u) =0 and o(u) > h+ (p+ 1)k. O
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Lemma 2. Let h,k,a,v,p € Z>o with 0 < k < h < 2k, a = max{0, [3k/2] — h}, and: v =1
if 3k is odd and h < 3k/2; v = 0 if otherwise. Let X; = [ik —2a +~y .. h+ (i — 1)k — 1] for
i€ [l..p+2]. If there is an L (h, k)-labelling of K1 1o with span min{h+ (p+2)k —1,3h+
(p — 1)k — 1}, then the label of the centre of K pio does not belong to X; for anyi. O

Lemma 3. Let h,k,a,7v,p € Z>o with0 < k < h < 2k, a = max(0, [3k/2]—h), and: v =1 if
3k is odd and h < 3k/2; v = 0 if otherwise. Let o be an L (h, k)-labelling of K1 12 such that
Ao) = min{h+(p+2)k—1,3h+(p—1)k—1}. Let Yi=[h+ (i —Dk..(i+ 1)k —2a +~v — 1]
forie[l..p+1]. Let u be the centre of Ki pio. If o(u) € Y; for some i € [1..p+ 1], then,
for allv € V(Kj pi2) \{u}, o(v) € Y; for any j € [1..p+1]. O

3. Main results

In Theorems 2 and 3, we establish Ay x( ﬁnyp) and /\h,k(én,p)a respectively.

Theorem 2. Let h,k,n,p € Zso such that h >k, p > 1, and n > 2. Then, My i(Pp,) =
min{h + (p + i)k, 2h + pk}, wherein i = min{2, [n/2] — 1}.

Proof (sketch). If 2 < n < 4, then h + (zv) + i)k < 2h + pk. In this case, the lower bound
follows from Theorem 1, since K ;11 C P p, and the upper bound follows by inspection on
the labellings presented in Figure 2.

h h+(p-1)k k  pk 2k (p+1)k k  pk 2k (p+1)k
hiph 0 v 0 v L
0 hpk It (pr 1)k h-pk ./\.h+(p+l)kA
N o SN

Figure 2: Z(h, k)-labelling of JVD,W in the case wherein 2 <n <4

In order to show the lower bound for n > 5, assume that there is an Z(h, k)-labelling
o for P, with A(0) = min{h + (p + 2)k,2h + pk} — 1. If h + (p + 2)k < 2h + pk, then
divide the available labels into three sets X; = [0..k — 1], Xy = [k .. h+ (p+ 1)k — 1], and
Xy =[h+ (p+ 1Dk..h+ (p+ 2)k — 1]. Since o(vy), o(v1), and o(vs) are centres of a K 10, by
Lemma 1, these vertices cannot be labelled with elements of X5. Also, we cannot have two of
these three vertices simultaneously labelled with elements of either X} or X5. Therefore, one
of these vertices cannot be assigned any label. The reasoning for case 2h + pk < h+ (p+2)k
is similar.

For the upper bound, we present an .Z(h, k)-labelling o with same span as in the state-
ment for: Py, with t = [n/3],1f N(0) = 2h+pk; Pay, with t = [n/4],1f (o) = h+(p+2)k.
This labellingl is constructed by replicating the bloc&s of Figure 3. Observing that P, , is a
subgraph of Py, for any N > n, we conclude A, x(Py,p) < min{h + (p + 2)k,2h + pk}. O
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h  h+(p-1)k k pk h+k  h+pk h  h+(p-1)k

h+pk v v h+(p+1)k v h+(p+2)k
7N

0 /\ ek " /\. 0
k pk 2k (p+k 2k (p+1)k

Figure 3: The blocks for our construction of an .Z(h, k)-labelling with span: 2h+ pk for je p (left);
h+ (p+2)k for P4tp (right).

Theorem 3. Let h,k € Z>o such that: (a) 0 < 2k < h; or (b) 0 < k < h < 2k. Let
n,p € Zwg such that n > 3. Let i = (n mod 4)/2. Then,

min{h + (p+2)k,3h+ (p — Dk + [1/p|h} if n =15 and (b),
)\h’k(é’n,p) = 4§ min{h+ (p+ 2+ i)k, 2h + pk} if n is even and (a),
2h + pk i any other case.

Proof (sketch). Initially, we consider n # 5. First, we construct an £ (h, k)-labelling with
span 2h + pk. For n € {3,4,8}, the labelhng is presented in Table 1. For 6 <n <7 and
n =9, we start from the labelling for: Cgp if n =0 (mod 3); O4p if n =1 (mod 3); o

Cs pifn=2 (mod 3). Then, the remaining vertices are labelled in blocks of three, followmg
Figure 4.

Table 1. An Z(h, k)-labelling of é’n’p for n € {3,4,8}. Here, 0 < j < p.

n mod 3 | Vo V1 V2 v3 V4 U5 Ve 7 v8 vg U? v{
0 |0 2h+pk h+pk - - - - - R h+ijk|k (G+1)k
1 |0 h  2h+pk h+pk - - - ~ [2h+pk h+jk|2h 2h+ jk
2 [0 h  2n+pk h4+pk 0 h  2h+pk h+pk |2h+pk h+jk|2h 2h+ jk
n mod 3 ’Ug ’U% ’Ug Ug ’Ug ’Ui ’Ug ’Ug ’L)g ’Ug 'Ug ’L);
0 |k G+Dk| -~ - - - - - - - - -
1 |0 h+jk| k (G+Dk| - - - - - - - -
2 |0 h+jk| k  (G+Dk|2h+pk h+jk| 2h  2h+jk| 0  h+jk|k G+ 1Dk

h  h+ik k

. . o

Figure 4: In grey, a building block for the labelling with span 2h 4+ pk when n # 5.
For n even and h > 2k, we present another labelling, with span h+ (p + 2 + ¢)k, wherein
i = (n mod 4)/2. Note that h+ (p+2+1i)k < 2h+pk if and only if b > (2+1)k. Ifn e {4,6},
the labelling is presented in Table 2. If n > 8, we start from the labelling for: C4p ifn=0
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Table 2. Z(h, k)-labelling of Cv'n,p for n € {4,6}. Here, 0 < j < p.

n mod 4 V0 v1 V2 v3 V4 U5 v8 vg ‘ v? fu{
0 0 h+(®P+2k k h+@p@+1k - - h h+3k | 2k (j+2)k
2 0 h+(®P+3)k k h+@@+1k 2k h+®+2)k | h h+jk | 2k (j+2)k
wmodd | o v | g W v W Wl
0 h+k h+(G+1k | 2k (J+2)k - - - -
2 h+k h+(G+DE| O (7 +2)k h+@+3)k h+G+DE | 3k (j+3)k

(mod 4); CGp if n =2 (mod 4). Then, for every i € [4+4 (n mod 4) .. n — 1], vertex v; and
its pendants are assigned the same labels of v;_4 and its pendants.

The proof of the lower bound is similar to that in Theorem 2. Being s the value established
in the statement, we assume A(é’nvp) = s — 1 and partition the available labels into the three
sets defined in Table 3, showing that at least one vertex of the basis cannot be assigned any
label.

Table 3. Definition of sets X;, Ao, and X5 when n # 5 or h > 2k for cases: (i) n is even, h > 2k, and
i = (nmod 4)/2; (ii) n in odd and h > 2k, or n # 5 and h < 2k.

I »@

i) |0.1+dk—-1 | [Q+d)k..h+(@+1Dk—-1] | [h+(@+1k..h+(p+2+i)k—1]
(i) | [0.h—k-1] (h—Fk.h+(p+1)k—1] [h+ (p+1)k..2h + pk — 1]
Consider, now, n = 5. The upper bound is established in Figure 5. The lower bound
is quite challenging since the basis is a cycle with five vertices. By taking sets &Xp,..., X, 10
and Vi, ...,Yy4+1 as in Lemmas 2 and 3, we reach a contradiction using a similar technique
to those presented so far. O
h+ jk (j +2)k h+ jk (G + Dk (G + Dk
WA SET S
0 h+ (p+ 1)k k h+pk  h+(p+2)k
3h + jk 2h + jk btk h+ jk 2h +(j -
3h ﬁ\[ N o 3h+ (p— Dk
0 h+ k 3h + (p — 2h + (p h
h+(j+ 1k 2h + jk +(j+ Dk h+(G+1) h + jk
N 2‘h\[ ‘\j ' + .
0 h 2h + pk k 2h+(p— Dk

Figure 5: In (a)(c),0<j<p. In(a),0 <k <h<2kand: p=1,orp>2and h+ (p+2)k <
3h + (p — 1)k; if p = 1, only the leftmost pendant exists. In (b), 0 < k < h < 2k, p > 2,
Bh+(p—1)k<h+(p+2)k,and 1 < ¢ <p. In (c), h > 2k. -
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