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Introduction

@ a bi-circular-arc model is a triple (C,I,E) such that C is a circle, and
I,E are families of arcs over C.
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@ a bi-circular-arc model is a triple (C,I,E) such that C is a circle, and
I,E are families of arcs over C.
e the corresponding graph of (C,I,E) is defined as follows:
> For every arc A € TUE, there is a corresponding vertex va.
» For any two arcs A€ 1, B € E, v4 and vg are neighbors if and only if
ANB#1.
» No edges exist between vertices corresponding to arcs of the same
family.
@ A bipartite graph is a circular-arc bigraph if there exists a
corresponding bi-circular-arc model of it.
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> For every arc A € TUE, there is a corresponding vertex va.
» For any two arcs A€ I, B € E, v4 and vg are neighbors if and only if

ANB#1.
» No edges exist between vertices corresponding to arcs of the same

family.
@ A bipartite graph is a circular-arc bigraph if there exists a
corresponding bi-circular-arc model of it.
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Works on circular-arc bigraphs

Lin and Szwarcfiter, 2009 Characterizations and recognition of circular-arc
graphs and subclasses: A survey [1]
is a survey of results on circular-arc graphs that, among
other things, cites the open problem of characterizing
circular-arc bigraphs.
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Proper CA bigraphs

@ A bipartite graph is a proper CA bigraph if and only if it admits a
bi-circular-arc model (C,I,E) in which I, E are both proper families

(i.e. no two elements of the family can be properly contained in one
another.)
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Proper CA bigraphs

@ A bipartite graph is a proper CA bigraph if and only if it admits a
bi-circular-arc model (C,I,E) in which I, E are both proper families

(i.e. no two elements of the family can be properly contained in one
another.)

NO

Das and Chakraborty, 2015 New Characterizations of Proper Interval
Bigraphs and Proper Circular Arc Bigraphs [3]

presents multiple characterizations of proper circular-arc
bigraphs.
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Helly CA bigraphs

@ A bipartite graph G is a Helly CA bigraph if and only if it admits a
bi-circular-arc model (C,I, E) such that, for any biclique K C V(G),
the arcs corresponding to vertices of it contain a common point in the
circle.
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Helly CA bigraphs

@ A bipartite graph G is a Helly CA bigraph if and only if it admits a
bi-circular-arc model (C, I, E) such that, for any biclique K C V(G),
the arcs corresponding to vertices of it contain a common point in the
circle.

Groshaus et al., 2019 Subclasses of Circular-Arc Bigraphs: Helly, Normal
and Proper [4]
provides a characterization and polynomial-time recognition
algorithm for the class of Helly circular-arc bigraphs.

Groshaus, Guedes, Kolberg On Subclasses of Circular-Arc Bigraphs September 2019 5/27



Circular convex bipartite (CCB) graphs

@ A bipartite graph G = (V, W, E) is a circular convex bipartite (CCB)
graph if and only if V admits a circular ordering such that, for every
w € W, the vertices of N(W) are an interval in the order.
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@ A bipartite graph G = (V, W, E) is a circular convex bipartite (CCB)
graph if and only if V admits a circular ordering such that, for every
w € W, the vertices of N(W) are an interval in the order.

@ Such an order is called a CCB order.

@ If both V and W admit a CCB order, the graph is called doubly-CCB.

Doubly CCB Neither
Izh afb@\
(1.2,3) (1,2,3)
(a,b,c,d,e)
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Circular convex bipartite (CCB) graphs

@ A bipartite graph G = (V, W, E) is a circular convex bipartite (CCB)
graph if and only if V admits a circular ordering such that, for every
w € W, the vertices of N(W) are an interval in the order.

@ Such an order is called a CCB order.

@ If both V and W admit a CCB order, the graph is called doubly-CCB.

Doubly CCB Neither
Izh afb@\
(1.2,3) (1,2,3)
(a,b,c,d,e)

Various Works various works on CCB graphs exist, mostly focused on

solving hard computational problems restricted to the class
[5, 6].
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Our work

@ Containment relations between the presented classes.
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Results

@ Arc-point model: bipartite intersection model where one partite set is
represented by arcs on a circle and the other is represented by points
on the same circle.
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Results

@ Arc-point model: bipartite intersection model where one partite set is
represented by arcs on a circle and the other is represented by points
on the same circle.

It is easy to verify that graphs that admit an arc-point model are all CA
bigraphs (replace the points with sufficiently small arcs).
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@ Arc-point model: bipartite intersection model where one partite set is
represented by arcs on a circle and the other is represented by points
on the same circle.

It is easy to verify that graphs that admit an arc-point model are all CA
bigraphs (replace the points with sufficiently small arcs).

Lemma
A bipartite graph is CCB if and only if it admits an arc-point model. }
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Results

@ Arc-point model: bipartite intersection model where one partite set is
represented by arcs on a circle and the other is represented by points
on the same circle.

It is easy to verify that graphs that admit an arc-point model are all CA
bigraphs (replace the points with sufficiently small arcs).

Lemma
A bipartite graph is CCB if and only if it admits an arc-point model. }
Lemma
Every CCB graph is a CA bigraph. J
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Results

Lemma

Proper CA bigraphs and Helly CA bigraphs are doubly-CCB.
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Results

Lemma

Proper CA bigraphs and Helly CA bigraphs are doubly-CCB. J

Proof idea (proper case): The order of counter-clockwise endpoints of the
arcs in either partite set of a proper model is a CCB order of said set.
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Results

Lemma

Proper CA bigraphs and Helly CA bigraphs are doubly-CCB.

Proof idea (proper case): The order of counter-clockwise endpoints of the
arcs in either partite set of a proper model is a CCB order of said set.
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Results

Proof idea (Helly case):
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Proof idea (Helly case):
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Results

Proof idea (Helly case):

@ For any vertex in a Helly CA
bigraph, there exists a biclique
that contains its entire closed

g E N neighborhood.
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Results

Proof idea (Helly case):

b @ Starting with a Helly model,
' ' pick the meeting points of said
1 bicliques for any of the two

df ; partite sets.
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Results

Proof idea (Helly case):

@ For any vertex in a Helly CA
bigraph, there exists a biclique
that contains its entire closed

g N\, 2 neighborhood.

@ Starting with a Helly model,
; pick the meeting points of said
1 \ =t bicliques for any of the two

A\ ;

partite sets.
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Results

Proof idea (Helly case):

@ If you replace the arcs by those
points, what we have is an
arc-point model of the same

graph.
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Proof idea (Helly case):

@ If you replace the arcs by those
points, what we have is an
arc-point model of the same

_______________ 1 a graph.
‘_ : @ The CCB order is then obtained
a 24|\, by the clockwise order of those
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Results

Proof idea (Helly case):

@ If you replace the arcs by those
points, what we have is an
arc-point model of the same
graph.

@ The CCB order is then obtained
by the clockwise order of those
points.
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Results
Lemma

A bipartite graph G = (V, W, E) without bi-universal vertices is a proper
CA bigraph if and only if V admits a CCB order such that, for every pair
of elements wy, wy € W satisfying N(wy) C N(w), the intervals of the

CCB order corresponding to the vertices in N(wy) and N(wy) either begin
or end in the same vertex.
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Results
Lemma

A bipartite graph G = (V, W, E) without bi-universal vertices is a proper
CA bigraph if and only if V admits a CCB order such that, for every pair
of elements wy, wy € W satisfying N(wy) C N(w), the intervals of the

CCB order corresponding to the vertices in N(w;) and N(w») either begin
or end in the same vertex.

In the above graph, with order (1,2,3,4,5,6), every pair of vertices of the
opposing partite set whose neighborhoods are comparable are such that
their interval of neighbors either begins or ends in the same point.
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Results
Proof idea: from [2], a graph is a proper CA bigraph if and only if its
biadjacency matrix admits a monotone circular arrangement, that is:
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Proof idea: from [2], a graph is a proper CA bigraph if and only if its
biadjacency matrix admits a monotone circular arrangement, that is:

@ The 1's in every row are circularly consecutive.
@ Let a;, b; be the beginning and the end of the interval of 1s in row i.
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Results

Proof idea: from [2], a graph is a proper CA bigraph if and only if its

biadjacency matrix admits a monotone circular arrangement, that is:
@ The 1's in every row are circularly consecutive.

@ Let a;, b; be the beginning and the end of the interval of 1s in row i.
Let \; = b; if b; > a; or b; + n if b; < a;.

Groshaus, Guedes, Kolberg On Subclasses of Circular-Arc Bigraphs September 2019 16 /27



Results

Proof idea: from [2], a graph is a proper CA bigraph if and only if its

biadjacency matrix admits a monotone circular arrangement, that is:
@ The 1's in every row are circularly consecutive.

@ Let a;, b; be the beginning and the end of the interval of 1s in row i.
Let A\; = b; if b; > a; or bj + n if bj < a;. Then (ay,...,am) and
(A1, ..., Am) are non-decreasing sequences.

(a7b7cid’e’f)
abcdef
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Proof idea: from [2], a graph is a proper CA bigraph if and only if its
biadjacency matrix admits a monotone circular arrangement, that is:
@ The 1's in every row are circularly consecutive.
@ Let a;, b; be the beginning and the end of the interval of 1s in row i.
Let A\; = b; if b; > a; or bj + n if bj < a;. Then (ay,...,am) and
(A1, ..., Am) are non-decreasing sequences.

(a!b7c’d’e’f)
abcdef

The order of columns itself is a CCB order with the properties described in
the lemma.
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Results

Proof idea: from [2], a graph is a proper CA bigraph if and only if its

biadjacency matrix admits a monotone circular arrangement, that is:
@ The 1's in every row are circularly consecutive.

@ Let a;, b; be the beginning and the end of the interval of 1s in row i.
Let A\; = b; if b; > a; or bj + n if bj < a;. Then (ay,...,am) and
(A1, ..., Am) are non-decreasing sequences.

(a!b1c’d?e’f)
abcdef

The order of columns itself is a CCB order with the properties described in
the lemma.Conversely, given a CCB order as stated, there will be a matrix
with MCA whose columns are arranged according to it.
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Results

Theorem

bigraph.

If G is a Helly CA bigraph that is not bichordal, then G is a proper CA
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Results

Theorem

If G is a Helly CA bigraph that is not bichordal, then G is a proper CA
bigraph.

(A bipartite graph is said to be bichordal if it does not contain induced
cycles of order greater than 4).
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Results

Theorem

If G is a Helly CA bigraph that is not bichordal, then G is a proper CA
bigraph.

(A bipartite graph is said to be bichordal if it does not contain induced
cycles of order greater than 4).

Proof idea: this proof idea will be very rough, as the full proof would
pretty much require a paper of its own.
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Results

We first prove that every twin-free Helly CA bigraph that is not bichordal
is the induced subgraph of a graph constructed in the following manner:
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is the induced subgraph of a graph constructed in the following manner:

Consider graph G, with V(G) being partitioned in the following subsets,
for k > 6,n1,...,n > 0:
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We first prove that every twin-free Helly CA bigraph that is not bichordal
is the induced subgraph of a graph constructed in the following manner:

Consider graph G, with V(G) being partitioned in the following subsets,
for k > 6,n1,...,n > 0:

o C={c,c...,ck}

o V=A{wv,va, ..., v}

o Wi={wj1,..,wjp} forall 1 <i<k.
o X; ={xj1,...,xipn} forall 1 <i<k.
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Results
We first prove that every twin-free Helly CA bigraph that is not bichordal
is the induced subgraph of a graph constructed in the following manner:
Consider graph G, with V(G) being partitioned in the following subsets,
for k > 6,n1,...,n > 0:

o C= {Cl, Coyeeny Ck}.

o V= {Vl, Vo, ..y Vk}.

o Wi={wj1,..,wjp} forall 1 <i<k.

4 X,' = {X,"l, -'-aXi,n;} for all 1 < i < k.
Let the neighborhoods of the vertices in V(G) be the following, for all
1 < i < k. Consider cyclic summation (e.g. 1 — 1=k, k+1=1) for
vertex and set indices:
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Results
We first prove that every twin-free Helly CA bigraph that is not bichordal
is the induced subgraph of a graph constructed in the following manner:
Consider graph G, with V(G) being partitioned in the following subsets,
for k > 6,n1,...,n > 0:

o C= {Cl, Coyeeny Ck}.

o V=A{wv,va, ..., v}

o Wi={wj1,..,wjp} forall 1 <i<k.

o X; ={xj1,...,xipn} forall 1 <i<k.
Let the neighborhoods of the vertices in V(G) be the following, for all
1 < i < k. Consider cyclic summation (e.g. 1 — 1=k, k+1=1) for
vertex and set indices:

° N(C,') = {C,',l, Ci+1, V,'} U W;uX_1.

o N(v;) ={ci}.

o N(wij)={c}U{xije Xj|l <j} foralll<j<n.

o N(xij)={ciy1} U{w;; € Wil > j}, forall 1 <j<n;.
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Results

Example of such a graph, with kK =8, n; =3,
ng, Na, n7, ng = 1vn3a ns, Ne = 2.
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Example of such a graph, with k =8, n; =3,
ng, Na, n7, ng = 1!”37 ns, Ne = 2.
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Results

Example of such a graph, with k =8, n; =3,
ng, Na, n7, ng = 1!”37 ns, Ne = 2.
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Results

We then conclude the proof by demonstrating that every graph

G = (V, W, E) constructed in that manner admits a CCB order such that,
for every pair of elements wy, wy € W satisfying N(wy) C N(wo), the
intervals of the CCB order corresponding to the vertices in N(w;) and
N(w) either begin or end in the same vertex.
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Results
Venn diagram of the presented classes.
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Conclusion

@ We provided a characterization of CCB graphs in terms of arc-point
models.
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@ We provided a characterization of CCB graphs in terms of arc-point
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@ We provided a characterization for proper CA bigraphs without
bi-universal vertices in terms of CCB orders.
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Conclusion

@ We provided a characterization of CCB graphs in terms of arc-point
models.

@ We showed that Helly CA bigraphs and proper CA bigraphs are a
proper subclass of doubly CCB graphs.

@ We provided a characterization for proper CA bigraphs without
bi-universal vertices in terms of CCB orders.

@ We showed that non-bichordal Helly CA bigraphs are proper CA
bigraphs.

Groshaus, Guedes, Kolberg On Subclasses of Circular-Arc Bigraphs September 2019 23 /27



Thank you

Thank you all so much for watching!
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